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Abstract In this work, the analysis of the dynamic
general model of an unmanned underwater vehicle (UUV)
based on dual quaternions is presented, then the gen-
eral dynamic model is reduced to a specific vehicle of
4 DoF , this model eliminates the singularities that ex-
ist with the representation of the Euler angle and that
the model is more compact than others proposed in
the literature [1],[2]. To demonstrate the applicability
of the model, three controller strategies are proposed for
tracking a trajectory, the first controller is a PD + G,
under unknown disturbances it produces a considerable
tracking error, the second is an adaptive controller that
estimates unknown hydrodynamic parameters , and the
third is a robust controller for unknown disturbances
and parameter uncertainties. The closed-loop system
stability analysis for each controller is based on Lya-
punov’s theory, a set of numerical simulations is per-
formedto show the behavior of the vehicle with the
proposed controllers. The efficiency of the controllers
is shown in Table 2 where it is deduced that the adap-
tive controller has a better performance. The graphics
show that the robust controller has little error tracking
and the computational cost is lower.
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1 Introduction
1.1 Background

Nowadays, the UUV’s have had a great impact on in-
dustry and research [3], due to their applications such
as 3D reconstruction [4,5], marine fauna recognition [6-
8], marine inspection [9,10] and acquisition of physical
variables such as temperature, Ph and dissolved oxygen
[11]. The autonomous underwater vehicles (AUV’s) per-
form tasks without human intervention and controlling
the position of the vehicle autonomously is very impor-
tant, but it has several difficulties since it must com-
pensate the uncertainties that exist in the model, dis-
turbances caused by sea waves and currents and other
factors [12].

This article addresses the problems related to ob-
taining the mathematical model and the implementa-
tion of control laws capable of stabilizing their position
and orientation. Several works there are different ap-
proaches to obtain the mathematical representation of
this type of vehicle, among which are those proposed
in [1] based on newton’s laws and part of the general
robotics equation, Bailey [13], a 6 DoF mathematical
model was developed for surface vehicles that operate
in waves. In which the inertia and damping parame-
ters are considered, in addition to showing some simu-
lations of standard maneuvers (straight line, the turn
maneuver, the zigzag maneuver), Leonard [14] He de-
scribes the mathematical modeling for a glider-type un-
derwater vehicle, which generates its movements from
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the mass distribution and changes in buoyancy. in addi-
tion to proposing a robust controller for state feedback,
and Graver [15], in this work they talk about the math-
ematical model for underwater vehicle type glider, in
which several mass are considered which together gen-
erate the movements of the vehicle, in addition to mak-
ing use of physical properties such as volume change
and buoyancy. This modeling is different from that of
conventional underwater vehicles, although it also uses
Euler’s angles.

The article [2] proposes a vector mathematical model
that allows taking advantage of the matrix properties of
symmetry, anti-symmetry and positive, among others.
This analysis can be coupled to any underwater vehi-
cle and is based on the theory of manipulator robots.
Using these equations, the design of controllers can be
facilitated and the stability analysis of the system can
be obtained. One way to model the behavior of vehicle
movement is by using Euler’s angles [1,15],this models
analyze different hydrodynamic parameters, including
works where the unknown parameters of mass / iner-
tia and damping are estimated, in order to be able to
compensate them [16,17], but a problem that this type
of model is the singularity that exists in Euler’s an-
gles, because of this, a model was developed based on
quaternions to eliminate singularities exist in the Euler
angles using matrices 6 x 6 [18], another way to model
dynamics and kinematics in a more compact way that
includes translation and rotation is to use dual quater-
nions. [19,20,2,21,18], this type of model can represent
the behavior of the vehicle in a more compact and sim-
ple way, consequently, the computer process is less, in
addition to eliminating the singularities of the Euler
angles.

To manipulate underwater vehicles one of the most
used controller is PD + G [22], this type of controllers
needs to know the forces of the buoyancy, which in
many situations is very complicated because it does
not know, also in in the demonstrating stability it is
only for regulation, not for trajectory tracking, to solve
the problems, adaptive controls have been developed
for robots and vehicles [23] - [24] to estimate dynamic
parameters and thus be able to demonstrate stability
for trajectory tracking, another disadvantage that this
type of controllers have is that it depends on the model
and for underwater vehicles there are forces that can’t
be modeled. Analyzing these factors we focus on the
robust controls [25] - [26] to compensate for unmodeled
variables and without requiring as much computational
processing as compared to adaptive controllers, in ad-
dition to they not depending as much on the model and
the stability demonstration is performed for trajectory

tracking.

The main contribution of this research is a dynamic
representation of an underwater vehicle using dual quater-
nions based on all the forces studied in [1] and the dy-
namics of a rigid body considering some properties and
physical limitations of the vehicle. Also, the develop-
ment three controllers are presented in this work. A con-
troller PD + G, an adaptive control and robust control.
The proposed approaches are simulate with a same tra-
jectory, considering unmodeled dynamics and external
disturbances. In addition, a set of simulations demon-
strate the performance of the proposed methods. From
the comparison performed with proposed controllers,
we can deduce that the robust controller has advan-
tages, such as: a low computational cost since it does
not depend of estimation of the dynamic parameters,
presenting a fast convergence to trajectory. Moreover,
the efficiency of the controllers is validated by numeri-
cal experiments and obtain Root Mean Square Error.

The remainder of the document is organized as fol-
lows. Section 2 the mathematical preliminaries are pre-
sented. Section 3 presents the main contribution of this
paper, which is the develop of dynamic model of AUV
based on dual quaternions. Next, Section 4 describes
the development of three controllers using dual quater-
nions. Then, Section 5 demonstrates the controllers per-
formances through a series of numerical simulations for
3D trajectory tracking. Finally, provides concluding re-
marks and future works.

2 Mathematical preliminaries

The notation to represent the sets used in this work are
as follows

— R represents the set of real numbers.
— H represents the set of quaternions.
— DQ is the set of dual quaternions.

2.1 Quaternion Algebra

A quaternion q € H is defined as
L A A > |40
q:=qo+qi+q)+ gk = {7} ; (1)

where qo, q1, g2, and g3 are real coefficients, vector 7
is defined as ? =qo+ q12 + q2 + qglAc, and 7, j and k
stand for standard imaginary units in H, which satisfy
2 =5 = k? = ijfc = —1, we defined the product of
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quaternions with the symbol ®. The product of quater-
nions is obtained [27] with the following equation

4@p= QO?QJ()FPI(?)()??JF 77 7 @

where 7 X ? is the product cross between vectors.
From the equation (2) the following relationship can be
obtained

TxT =

the norm of a quaternion is defined as:

q®p pP®q, (3)

lgll = a5 +ai + a3 + 43, (4)

we have that the inverse and the conjugate of a quater-
nion with the following equation

*

-1_ 4
= 2
lall

* q0
4 [—7} '
In the case of a rotation, it must be considered that
the quaternion is normalized, that is || q ||= 1. The
representation of the angle of the axis, in which the
quaternion is represented as an axis on which the ve-

hicle rotates, and the angle of rotation is given by the
following equation

q
()

2 it |[7)=0"

2
where 6 is the vector which contains the axis-angle
representation. Now for the calculation of the derivative
we have to:

7
e ~ In(q) = {7arccosq0 if | 7] >0 (6)

o1

q=5940d, (7)
8 T, .

where 6 = & = [p q r} is the angular velocity in the

body frame. For more details see [28,29].

2.2 Dual quaternions

In section 2.1, it can be seen that quaternions are used
only when objects rotate, not for translational motion,
due to this observation we use dual quaternions, [30]
which is defined as:

. 1 —

G=a+e;a® Ly, (8)
where [ is the translation of the vehicle with respect
of its body reference, € is a dual number, which satisfies

that € # 0 and €2 = 0. It is obtained that the conju-
gate of the dual quaternion of the equation (8) and its
logarithm by the following equations:

Ak * 1- *
q* =q —e§Zb®q (9a)

q :%[3 + E?b] =

where ? 1 is the position of the body seen in the inertial
system. Deriving (8) we have to

[t eBied (o)

i=-4®¢, (10)

» EE—
where € = & 4+ €( x [+ 1) is the twist (the com-
bination of translation and angular velocity) and the
derivative £ is:

Ak 1. Ak
¢ =-58®4
(11)

on§®q)=qofoq".

d
—(a
dt
Note the translation with respect of its inertial ref-
erence and its derivative can be rewritten as follows

[zy 2] (12a)

' -
?1=q®[3>< lp+ 1) ®

P Tyoq
1=q® l,®q" =
(12b)
From [1] we have that the relationship between the
speed seen in the body, V= [u v w]T, and the speed
seen in the inertial system is T =q¢® ?] ® q. From

the equation (10) we have to:
1 ~
1=54®¢&
2 . (13)
é = + 67,
-
where 7 = & x ly+ lb
Let A A+ 6A2, B B: + By, C Cy + eCy,
D=D;+eDyand E = E; +e¢FE5, where C; € Rt *™1,
Cy e R™*™M2 Dy, By € R™>*h | Dy, By € Rm2x2 and

X, =xo, +x1,0+ T2, )+ X3, k= a:ol—i—?l foralli =1,2
and X; = A;,B; € H. Naming the following products:

AeB=A eB; +A;eB, (14a)
é 9] D == ClDl + ECQDQ (14b)
é@E = ClE2 + €C2E1 (14C)
C®D=0C,D; + CyDs, (14d)

where Aj;eB; = aolbol + allbll + aglbgl + 61,311)31 =

ao,bo, + @1 b1 =ag, by, +dT b 1. Defining the norm
of a dual quaternion as

1A = VAR + Az (15)
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Fig. 1 The BlueROV2 vehicle, coordinate systems: body-
fixed-frame B and earth-fixed-frame I.

3 Vehicle modeling using dual quaternions

For the realization of a model of a submarine vehi-
cle with dual quaternions, we started by analyzing the
forces analyzed [2] , which is represented as follows

Mi+C(w)y + D)y +g(q) =7+ (16)
n=J(a,

where § = [?U,?W]T is the uncertainties, M is the
mass and inertia matrix, C'(v) is the Coriolis matrix,
g(q) describes the gravitational and buoyancy forces, D
is the Damping matrix, 7 = [7 2, 775]7 is the vector of
the control forces and moments with 77 = [X,Y, Z]T
and 7T = [K,M,N|T, n = [myz(bew]T and v =
[T ﬁT]T, the description of the matrices are in [2],
[1], [31]. The matrices M and C is formed from two
matrices,

M = Mg+ Mz
C =Cgrp + Ca,

(17a)
(17b)

where M4, C4 are the hydrodynamic added inertial
matrices, and Mgrp, Crp are the rigid-body matrices.

3.1 Model of the vehicle with dual quaternions

In this section, we complete the model of equation (13)
by analyzing the forces of equation (16). For which the
following dual quaternions will be searched

— Dual Quaternion Coriolis.

— Dual Damping Quaternion.

— Dual Quaternion of gravitational forces.
— Dual Quaternion control inputs.

For the construction of these dual quaternions, we
first define the following matrices, obtained from the

inverse of Mgrp of equation (16):

MwRB2 :[IO + mS(ﬁg)S(ﬁg)]_l

MVR31 =[Im + WQS(?g)IO_IS(?g)]_l (18)
MVR52 :S(7Q)MWRBZ

MwRBl == mI(;IS<7>g)MVRBla

where I € R3*? is the identity matrix, m is the mass
of the vehicle, Iy € R3*3 is the Inertial matrix of the
vehicle and ?g is the position of the center of gravity
and S (Y) is the matrix of the cross product which is
defined as:

0 —T3 X2
S(?): I3 0 —T1 (19)

—T2 X1 0

where X = [z1, 72, 23]T. We defined the following ma-
trices, obtained from matrix M4

X, Xy X K, K; K
Mpyn=— |Ya Yy Yy | ,Mage = — | My My M;
_Zu Zq') Zu') Np sz Nr_
X, X; X; Ky My Ny
Mpro ==Y Y4 Yi| , Mooy =— | Ky My N,
| Z; Z; 7 Ko My N

(20)

where Myq.9 = MAQTl. Calculating the inverse of the
matrix M, we have the following matrices

My, =[Mayy +ml — [Mays - ms(?g)][MAﬂ
+ 1] [Mag +mS(7 )]~
M, =[=[Many +mS(7 o)l [Mar1 +mI) "} [Mar,
—mS(7 )] + Mags + Io] !
My, = — [Mags + Io] " [Masy +mS(7 )M,
M,, == [May1 +mI] " [Maiy — mS(7 )| M.,

(21)

separating the hydrodynamic parts of the inverse of ma-
trix M i.e. M~'— My}, we have the following matrices:

MVAl :MVA3MU1 + MUA4MUJ1

M,,, =My, My, + M,, M, )
MwAl :MwA3M1/1 + MUJA4MUJ1

MWAZ :MwA3 My, + MwA4 My, ,

where My, = Mypp Mayy + Mygy, Magy, My,, =

MVRBl May2 + MVRBQMA227 MwA3 = MszlMAn +
MWRBQ MA21 and MwA4 = Mszl MA12 + M‘URBQ MA22
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With these terms the first dual quaternions that we
defined are the following

M, =M,,, + €M, ,

Ma, =Ma,, + €M,
MRB1 =M, + eM,

WRBoy VRBq?

My = M, + €M,,,
My, = M, +€eM,,,
M332 =M, +eM,,

WRBq RBg "

(23)

To divide the elements of the rigid body from hy-
drodynamics, we name the dual-body rigid quaternion
as:

CRB = [IE I] MgéCRBI/
:MRBI Oé +MR32®é

MRB MRB

(24)

where éT?lRB = ORBI o é + ORB2®£ with CA'RB1 =

—S(IoW@)+mS(S(V)74) and Crp, = —(1+€)(mS(V)+

mS(S()7,)). With the same idea that Crp was ob-
tained, we named the double quaternion of added mass
as

Ca=[el I]M™*Cv— Crp = Ma, 0 Cppp

. . N e (25)
+MA2®CmRB+M100mA+M2®CmAa

where C,,,, = ¢A105+C’A2®é with Cy, = —S(Ma,, V+
Ma,, @) and Cay = —(1+€)S(Ma,, 7 + M4, &). Fi-
nally, the Coriolis dual quaternium is

C(f) = éRB + C’A ZMl o ém(é) + Mz@ém(é)7

(26)
vyhere é’m = (;'1 oé—i— C‘g@f with C’l = C’Al +éRB1 and
Cy = Cy, + Crp,. We defined the following matrices,
obtained from matrix D

[dy1 di2 di3] [dya dus dye]
Dy1 = |da1 doa do3 | , Daa = |ds4 dss dse
:d31 d3o d33: :d64 des dGG: (27)
dy4 di5 dig dy1 daz dy3
D1y = |dag dos dag | , D21 = |ds1 ds2 ds3
| d34 d35 d3e | | de1 de2 de3 |

On the other hand, the dual quaternion of Damping is
defined as

D(§) = [Ie I] M~ Dv =M 0 Dy, (€) + Mo D, (),
(28)

vyhere Dm =D o£+ ﬁg@f with Dy = Dgs +¢D1; and

Dy = Dy1 +€Dq5. For this part we have to consider the

gravity and buoyancy forces,
given by the following equation:

?ng*@bW@q; 7B=q*®§®q,

g and f g, which are

(29)

%
where W = [0,0,mg]” and B is the buoyancy force of
the vehicle. We have that the vector of gravitational
forces is:

92[?3—79 7B><?B—7>g><7gr7

with 7 5 as the distance from the origin of the fixed
frame to the body to the buoyancy center of the vehicle.
We named the dual quaternium of gravitational forces
as

9(q) = [Ie I) M~'g =My © G () + M2S§im (4),

(30)

(31)

where f]m = 73 X ?B — 7g X 79 + 6[73 — 79]
Defining the dual quaternion of gravity forces:
# = [Ie I] M~ 'g(q) =M, o #iy + Moy, (32)

where 7, = 7w + €7,. From the equations (32), (31),
(28), (26) and (18) we can rewrite equation (13) as:

=24®¢

| —

(33)

§=—C(§) - D(€) — 4(q) + 9,

where § = Ml o 5m + Mg@gm with 5m = 0y + €0y.

Just as the matrices of the model of this article [2]
have certain properties, the dual quaternions also have
certain properties that must be met, so we have to con-
sider two dual quaternions of added mass, M and M,,,
which are given by the following equations.

M(&) =[MF o &+ M <E]"
My (€) =M; 0 € + MySE,

(34a)
(34b)

where Mg = AQQ + IO + E[All + mjgxg] and M4 =
A1 —mS(7 ;) +€e[Aar +mS(7 ). In [22] we have that
the matrices M and D are positive and C' is a skew-
symmetric matrix, due to this it can be obtained that
the dual quaternions must meet the following properties

L@ od =M@ oi=2tend) (@0
ME) ©C€) =€ Cn(§) =0 (35b)
M(§) © D) =£ oDy (é) >0 (35¢)
ME) ©F=Cedy, (35d)
oD >0, (35e)
note that in the case é = 0 we have M&D = 5015 =0
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3.2 Model of the BlueROV2 with dual quaternions

In this work the BlueROV2 underwater vehicle was
used, the vehicle was developed by the company Blue
Robotics. The remotely operated vehicle (ROV) has 6
thrusters, the configuration is shown in the Figure 2.
By the shape of the vehicle, the following considera-
tions are taken

— We assume that origin placed in the_l;ody coincides
with the center of gravity i.e. 7y = 0.

— By the symmetry of our vehicle, it’s assumed that
Iy is a diagonal matrix, in addition to going at low
speeds, which is why Ay, and Asy are diagonal ma-
trices and A12:A21 =0.

— The vehicle is stable in roll and pitch, that is to say
a=q + ¢k and & =1[0,0,r]T = rk.

I\ clockwise propeller

U counterclockwise propeller

Fig. 2 The resulting relationship between the distribution
of the thrusters and the forces generated by the propellers is
presented, due to the direction of rotation in the thrusters
the generated moments can be canceled.

Note that for these conditions all products with the
symbol €% are zero, considering the conditions of the
model we have the equations (18) and (21) we obtain
that MVR31 = ngg(l/m), Mu1 = [All —|—mﬂ*1,

MWRBQ = IO_17 MVAl = (1/m)A11[A11 JFmI]ilv Mw2 =
[Ag2+1o] 7", M, = Iy ' Aga[Agg+1p) 7 and My, =
MUJRBl =M, =M, = MyA2 = M"*’A1 = 03x3. In the

Figure 2, shows the diagram of forces generated by the
thrusters. Calculating the body-fixed torques generated
by the forces, are defined as

22?:1 Z;:o(*l)ng+2*j co8(0;12.5)
T, = >ict Z;:O(_l)HlﬂFiH*j o8 (0;4-245)
i F5 + Fg (36)
[ ly[Fs — F6]
T = 0 ,
S (1) E L, cos(6:) + 1 sin(6;)]

%
where [ ; = (I,[,,0) is the position vector of the force
?i Vi = 1,...,6, with respect to the body-fixed refer-

ence frame. Assuming that I, ~ [, 61 =~ 0 =~ 03 ~ 0,
and F5 ~ Fg, we have from the equation (36) that:

_[Fl + Fy — F3 — F4] COS(Gl)
?V = [Fl — Fy — F3+ F4] Sil’l(al)

i 2F%

i 0
T, = 0

_[ly COS((91) + ZI Sil’l(el)”Fl - F2 + F3 — F4]

(37)

from the equation (32) we have to:
R N A T
T = k te [mj(Xﬂ, mei, m—ZZm] ’ (38)

where I,, is the moment of inertia in the z-axis. For the
conditions of the BlueROV2 model, the equation (24)
is rewritten as

Crp=€d x V, (39)
from the equation (25) we have

o :wk — e{[An1 +mI3x3] ' S(An V)W
+ Anf[An + mI3x3]7l[w x 7]},
(40)

for obtain the dual coriolis quaternion, we can perform
the sum of the equations (39) and (40) or by the equa-
tion (26)

C =e[A11 + mIzus] Hmd x ¥V — S(AL V) W]
+ (Xu — Y;;)'LLUIAc (41)
Izz - Nr' ’

For the calculation of this quaternion we suppose
that D15 = Dgs = 0343 besides that D7 and Doy are
diagonal matrices, for which we have the equation (28)
that:

Td66

b :ﬁkJrG[An er[3><3]71D1177 (42)

due to the initial conditions we only have rotation in 1
so we have that q = cos(¢/2) + k sin(/2), this way we
have the equation (29) that

79 = W;?B = Ba (43)

by the equations (21) and (31) we have to:

§=€[A11+m1]71[§—1/_v)], (44)
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4 Control

In this section, we work three controls using dual quater-
nions of the equation (33), they are:

— PD Control with Desired Gravity Compensation.
— Adaptive Controller.
— Robust Control.

For the control stage we have to define the dual
error quatern_ig)n for a desired dual quaternion ¢y =
aq + 3€qy ® [ 4, which is defined [32] as follows

f e 1 -
Ge :qd ®q = qe + §€qe ® l es (45)

where q, = q3 ® q and T, = _l>b—qif®_l>d®qe,
another way of expressing it is with the positions seen
in the inertial system, this expression is 78 =q'®
[?1 - ?dz] ®q=q*® ?? ® q, in this way the dual
error quaternion in the systlem placed in the body is
expressed in terms of positions obtained in the inertial
system. From equations (45) and (9b), we define the
error as follows

- =
€4, =29, ®In(¢.) ®q; =q, ®{Oc +el .} @qy,
(46)

H
where O, = 21n (q; ® q). Deriving the equation (46) in
the inertial system, we have to:
. 1. S e e 1, S
Ge =50 © [ +24; © 43 © ] = 5de @ &, (47)
where ée = Wo+er, with W, = ﬁ+2qz ®q;®qand

= —
7@ =1+ ﬁ@ X [ ¢. In the case of wanting to use the
model in dual quaternions seen in the body and with
measurements in the inertial system, the following con-

vergence can be obtained from equations (12a), (12b)
and (47):

do=d +2qi04q;®q 8)
ok — = oK
Ve=q"@[dp ~p xlwoda]eq

deriving the equation (46) we have to
¢ =t =aq. 00l =aq. 0 -floaq  (49)

where &40 = q* ® 409, +€q* ® [?dz + ?}—31 X [qy ®
aill ®a.

4.1 PD Control with Desired Gravity Compensation

We have that the hydrodynamic parameters are diffi-
cult to model, for this reason a PD control is proposed
since it does not need the hydrodynamic parameters
and also its ease of implementation. For perform a PD
control with desired gravity compensation for regula-
tion i.e éd =0 and éée = é, and for the stability anal-
ysis of the control of the equation (50), the following
theorem is proposed

Theorem 1: Consider the dynamic system given by
(33) with 6 = 0, PD Control with Desired Gravity Com-
pensation control strategy for regulation is designed a

Tin = Tpd+g, = 7PD + Jm, (50)

where 7pp is a PD control with dual quaternions seen
in the body, this is definited as:

TPD = —f(poéqe _Kdoé£e7 (51)

where Kp =k, +eky, and Kq= kg, +eKg, where k,_,
kp,, ka,, ka, € R3*3 and the matrices are positive, then
it is satisfied that the error converges to zero globally
asymptotically stable .

Proof:

Substituting (51) in (33) and (32), we have:

1 .
1%t o (52)

€ =N, 0 #pp + Mytpp — O — D.

G=

For the stability analysis of the control of the equa-
tion (50) for regulation, the following function of Lya-
punov is proposed

1~ 1 2
v :§M Ola:e® éée ®q.] + §ézjﬁ o (Kpoéq,)

1. .1 R (53)
=oMOE+ €. o (Kpoey),
deriving the equation we have
V=MOE+ég, e (Kyoéq)=Ee (K08 )+ (54)

M ® [My o #pp + MaSipp — C — D),

then using the properties of the equation (35) in the
equation (54) we have to:

V:£O%pD*M®b+é.(KpOéqe) (55)
:—é.(IA{dOéée)—M@D.

We have that V = 0 if é = 0. For prove that the
system is globally asymptotically stable we use Salle’s
theorem, therefore:
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2 =[(é,,65,) €D:V =0]=[¢g, €D,eg. =0eD]
(56)

from (56) and (52) we can see that: (ég,,€¢ ) = (0,0) is
the only condition in {2 for all 0 < ¢. This means that
the equilibrium point is globally asymptotically stable
according to LaSalle’s theorem. O

4.2 Adaptive Controller

The control PD+g,, is good for regulation, but for track
tracking it is not adequate because we need to know
the hydrodynamic parameters. In this section we used
an adaptive control to estimate all model parameters
that are not mass, buoyancy forces or moment of iner-
tia, based on an adaptive control used for manipulative
robots [33], for this we assume that the hydrodynamic
parameters do not vary both with respect to time, be-
cause the vehicle goes at low speeds (i.e. the parameters
are almost constant). With this clarified, the following
theorem is proposed

Theorem 2: Consider the dynamic system given
by (33) with § = 0, for the estimation of the parame-
ters of C; and D, where 2 = 1,2 which are given by
equations (57) and (28) and adaptive control strategy
is designed a

7A-in :'f_pd+gm +ﬁm(3) + Dm(B) + ém(B)a (57)

where 3 = éde - ® [/i © &3] ®d. = [Bps By, Br]" +
€[Bus Bo, Bul T, A= k3 'k, + €ky 'Ky, and the estimate
of a dual matrix or quaternion & is named as &. Then
the system path error will converge to zero

Proof:

First proceed to parameterize the elements (see [34])

of the following way:

Y (£, 8)¢ =My (B) + Con(B) + D (B), (58)
where ( € IR”X{ is ?he vector of the unknown n -
parameters and Y (&, 8) = Y} + €Ys is dual matrix re-
gressor with Y7,Ys € R3*™. For the estimation of the
parameters of ¢, the law of updating [34] is chosen to
be

(=-I (YT B wo), (59)

where 6 = € — B and I' € R™*"™ is a positive definite
matrix. Rewriting equation (58) in terms of 6 with the
equations (33), (57), (35) and (59), we have to

My (6) + Con(6) + Din(6) = #pp — Y (€, B)C, (60)

where E = ( —( is the estimation error. For the demon-
stration of stability, the estimation error is considered,

¢ , the following function of Lyapunov is proposed
1~ . T
V=§M(0)60+§< I¢, (61)

Using the properties of (35) and the equations (60)
and (59) we have that the derivative of (61) is

)¢+ CTYT(EB) @6)
—G6e(Kyolq; ®6®q,)).
(62)

by the properties of the dual matrices of the model
described by equation (35) we have that & e D,,(6) > 0
and since the elements of Kd are positive matrices, so
we have to 6 e (Kg0[q* ® 6 ® q.]) > 0. Finally it is
concluded that V < 0 and that the system converges
to zero. (|

4.3 Robust Controller

Due to the computation process that is required for the
implementation of adaptive control and non-modeling
disturbances caused by the waves that water can pro-
duce, for this reason the adaptive control may not be
as efficient, due to this situation, robust control is pro-
posed to counteract these disturbances.

For robust control the equation can be rewritten the
equation (33) as:
;1
1m31%¢ | (63)
é:q: ® {Mo.l O Tin + W} ® g, +éde - we X éev

v&ihere W =Q, Q{we X ée _gdg_é(é) _f)(é) _g(d) +w+
M o7} ®qE— M, 107, and M, is the dual quaternion
of parameters uncertainty of the quaternion dual M,
xr=1,3and M,.1 is bounded ||Mo.1fM1H1 < p||Mo_1||1,
where 0 < p < 1 and Mo.l OMO'g = I3x3+ €l343. Using
equation (49) we can rewrite the model of equation (63)
in terms of the error as:

eée :eée

éée :Mo.l o 7A—in + Wa

(64)

where 7, consists of the nominal control input 7%V and
the robust compensating input 78¢ as

F = 7 + 78, (65)
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The nominal control law is the PD control of the
equation (51) and the robust compensating input as
follows:

#RC(s) = =M, 3 0 F(s) 0 W(s), (66)

where F(s) is a robust filter that is introduced to re-
strain the effects of the uncertainties and is given by

E(s) = F,(s) + €F,(s) (67)

where s is the Laplace operator and the parameters F,

( ) dlag{s+f Sj-gu’ s+ fv 5'("]'g'u’ 3+fw s+g }andF ( )

g fo 9 fr
_d1ag{s+fp iy et Sy Hg } with £, and g,

r = u, v, w, p, q, r are positive constants. We can
rewrite equation (67) as

F(S):FfloFgloﬁf2(s)Ong(S)7 (68)

where Foa = Fawl +€Fau17 Faz = Faw2 +6Fa,/23

Foéwl = diag{apvalbar}a Fa,,l = diag{auvavaaw}a
Fa,, zdiag{era , Hla , Ha } and F,, =diag{ S+1au,
S+1av, S+1a } where @ = f,g. Note that the robust

compensating control #7¢(¢) is not implementable in-
put thereby we can not measure W (t). Therefore, we
obtain W (t) from (64)

W = ¢4, — Mo 0 Fin, (69)
applying the Laplace to equation 69 we have to:

W (s) = %64, (5) — Mo 0 Fin(s), (70)
from equation (70) and (66), we can have that

%RC(S) - _ [s%€5, (s) — Moy 0 #in(s)]

o (=€4.(5) + Za(s)),

oSOF()
o3oFfloF
(71)

Za(s) =Fp,(s) o (Fy, + Fy,) 084, (s) + Zu(s))
Zl(s) = 92(8) 0 (_ g1 ©Lgy © éée(s) + Mo.l o 7A-in(s))a
(72)

>
>
>
>

we can obtain 7FC¢ applying the inverse Laplace to
equations (71) and (72)

( e, (t) + Za(t))
o Zl(t) —Fy, o Fgl oég, (t)+ M, 10 Tin (t)

RC(f) =
21(t) = — Fy,
Za(t) = — Fy, 0 Za(t) + (Fy, + Fy,) 0 éq.(t) + Z1(t).

O3OFf OFg

(73)

For stability analysis the following theorem [35] was
used

Theorem 3: For a bounded initial state é(0) =
[?ET(O)7 E?Z(O)]T—l—e[_l)eT(O), 7T(0)]7, a finite-positive
constant T, a provided constant € > 0, with sufficiently
large parameters of the robust compensator f;, g; where
i =u, v, w, p, q, r which satisfy that f; >> g; > 0 and
we assume that:

— Thesum F = Z?:l F;; of the thrusts is bounded and
satisfy that F' < §, where § is a positive constant.

— The vehicle goes at low speeds

The reference signals are derivable throughout the

space.

— ||[W|| is bounded

Then the state é(t) are bounded and satisfies ||e(t)]|c0 <
e, VT* <t.

Proof:
From the equation (64) and (66), the state is de-
scribed as:
lelloo < Ceo) + 8| W e, (74)
where

8s =[|[Tsxes — Ap] ™' By o [Isxs — F(s)]|l1
03x3 I3x3
A =
P |:03><3 03><3:|
A 63><3} {03x3 } [03><3] 75
B,=1| % = +e€ (75)
r |:Mo.1 MO.U}2 Mo.ul

Isxs =Isxs + €l3xs
Ce0) = max sup {|d{ o erte(0)), |d£®e‘4pté(0)|},

0<t
with d € RS*Y) I, € R™*™ and 0,5, € R™ "
are a vector with zeros except one on the k-th row,
an unit matrix and zero matrix, respectively. From the

equations (64), (74) and (63) we have that there are
positive constants, Wy, W5 and W3 such that

[Wlloo < Wi + Wallélloo + Willé]|% (76)

If §, satisfies that

(W2 + Wallelloo) (Vs + 6:) < 1, (77)

from equations (77), (76) and (74), we have that

[Wlloo < Wa/\/5s, (78)

where (V05 + 65)W1 + Cz0) < Wa. From egs. (78) and
(74) gives

lé]l oo < Wi /s + Ce(0)- (79)
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Therefore, the state ||é|lo are bounded. From eq.
(77), one can have the attractive region as

: ek (50)

{e® : lelle < AN TR

thus, if é(¢) starts from the attractive region and J; is
sufficiently small, that we have

B S (]
Wa(V/6s +85) Wi’

from the equation (81) that the initial state é(0) satis-
fies

Wi /85 4 o0y < (81)

W
Wa(V/bs +6:) W3’

If we chosen &, that it satisfy ds < (£)2/(4W2), then
we can obtain a finite-positive constant 7™, with suf-
ficiently large parameters of the robust compensator
fi, gi where ¢ = w,v,w,p,q,r. Finally we have that
the state é(t) are bounded and satisfies |le(t)]|c < €,
vT* <t. O.

€00)][o0 < (82)

5 Simulations

In this section, provide a general description of the
BlueROV?2 and a set of simulations tests was performed
for comparison of tracking errors of controllers, consid-
ering the BlueROV2 model with dual quaternions.

5.1 Platform

thruster vectored configuration, open-source electronics and
software.

The BlueROV2 is a 4DOF underwater vehicle used
for the numerical validation, see Figure 3. By design
the underwater vehicle is stable mechanically in ¢ and
0, due to it’s two planes of symmetry and location of
buoyancy center. The prototype can operate in ROV
and UUV mode, with a maximum operating depth of

100m. The dimensions of the vehicle are 45.71 x 33.81 x
22.1cm with a weight of 11.5K g, the known parameters
of the vehicle are presented in Table (1).

Param. Value. Param. | Value.
w [0,0,112.815]T Xa 5.5
B [0,0,9.81m]T Zp 14.57
I.. 0.16 Yy, 12.7
N, -0.12 my, 11.7023

Table 1 Physical and dynamic parameters of the vehicle.

Note that the underwater vehicle changes the value
of its mass when the vehicle is submerged, therefore,
the following equation is proposed

0 siz < —0.1
my = mys(524+0.5)si —0.1<2<0.1 (83)
my, si0.1< 2.

5.2 Simulation tests

Three scenarios are proposed for tracking a spherical
trajectory. The first is to validate a PD + G controller,
the second is to verify the efficiency of an adaptive con-
troller and finally a robust controller is proposed. The
initial conditions of the vehicle are P = [0.0,0.1]7 and
qp = 1. We propose a sphere trajectory qy, in the follow
equation,

P, =q, ® 7 @qj, + 7 +0.12k
B 2 Do\~ (N . (8
Q4 =COS (7) cos (7) — 7sin (7) sin (7)—&—

j’cos (%) sin (%) + k sin (%) cos (%)
ay =cos(£21/2) + ksin(£21/2),
(84)
where 7 = [0,0,2.9]T, 2y = 0.4107t and 25 = 7 +
0.0391¢. For external disturbances, in [36] proposed the

equations for modeling ocean current and waves are de-
noted by

B =0.2k +0.12sin(0.1 % ¢ + g)'F

0.5 4 0.15 cos(0.6t — %) (85)
eq" ® |0.340.14cos(0.3t — %) | ®q,
0.5+ 0.15sin(0.5¢t — %)

on the other hand, damping coefficients of equation (42)
are modeled as follows

dgs =0.07k + 1.55|r |k

(86)
Dy =Dy + D1.2|7|a
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where | 7| = [[u] o] [w]]", D11 = diag{4.03,6.22,5.18}
and Dy 5 = diag{18.18, 21.66, 36.99}.

5.3 PD Control with desired Gravity Compensation

The first scenario is a PD+G controller, in this case
the gains are heuristically adjusted. The values of the
coefficients of the dual matrices of the equation (51) are

K, =9k + diag{3.7,5.2,5}e

) ) (87)
K4 =1.5k + diag{1, 1, 3}e.
For this simulation, the law of control is give for equa-
tion (50) and desired trajectory is (84). In the Figure 4,
we can observed that reference is reached on the axes
x and y but in the z axis is not reached because is not
robust against disturbances.

Time [s]

0 5 1
Time [s]
== —P.
’_5 r RN —
£ RN
— ~
N ~
\\
o =
0 50 100 150
Time [s]

Fig. 4 Trajectory tracking using PD 4+ G control on z, y
and z axes where blue solid lines are the real position, and
dashed red lines are the desired position.

The results of the orientation trajectory tracking are
present in Figure 5, note that the reference is reached
along trajectory tracking because the orientation dis-
turbances are small.

5.4 Adaptive Controller

The second scenario is an adaptive controller give in sec-
tion 4.2 and desired trajectory is (84). We assumed that
all elements of dual quaternion C are known and we es-
timated the hydrodynamic parameters of dual quater-
nion ﬁ, which are the values of the constants of equa-
tion (86), for this reason the dual quaternion Y has the

0 50 100 150 0 50 100 150
Time [s]

Time [s]

0.5

-0.5

-1

0 50 100 150 0 50 100 150
Time [s] Time [s]

Fig. 5 Trajectory tracking of the quaternion with PD + G
control where q = qo +q1%+¢q2j+ g3k is real quaternion (solid
blue lines) and q; = qo, + q1,2 + g2,7 + qul% is the desired
quaternion (dashed red lines).

following form

- 0 0 000000
V(B =]0 0 000000|+
By Belr| 000000

008, Buu/ 0 0 0 0
el000 0 ByBuv] 0 0
000 0 0 0 BuyBull

for this test, the initial conditions of the estimation vec-
tor of unknown parameters of equation (59) are [0, 0, 0,
0,0,0,0,0]7 and I' = diag{1 x 1071¢,1.57,0.62,6.1,
0.00142,6.1,2.44, 301.01, 0.0228}. The results of the tra-
jectory tracking can be seen in the Figure 6, in the figure
we can see that the error of the trajectory tracking is
small regardless of whether there are disturbances that
affect the vehicle and the of the trajectory tracking in
the orientation can be seen in the Figure 7 similarly, the
errap S Gt REEHANTS f FRg EgRees Shebadiedt
H}%a}ﬁo%lc of the hydrodynamic parameters obtained in
the simulation, notice that the estimation of the hydro-
dynamic parameters converges to the parameters intro-
Giic&bhush€smhrdition.

This scenario validate a robust controller give in section
4.3 and reference trajectory is (84). We assumed that
we do not know the hydrodynamic values of Mg, the
values of the dual matrices of equation (73) are:

M,.1 =diag{1,1,3.333} + diag{0.053,0.0547,0.0547}¢
M,.3 =diag{1,1,0.003} + diag{18.870,18.295,18.295}¢
Fy =diag{1,1,1} + diag{40,40,0.9}e
Fy =diag{1,1,15} + diag{100, 100, 20}¢,
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o 50 100 150
Time [s]

Time [s]

o 50 100 150
Time [s]

Fig. 6 Trajectory tracking using adaptive control on z, y

and z axes where blue solid lines are the real position, and
dashed red lines are the desired position.

1 —
==

0 50 100 150 0 50 100 150
Time [s] Time [s]

05
s 0

-0.5

0 50 100 150 0 50 100 150
Time [s] Time [s]

Fig. 7 Autonomous trajectory tracking of the quaternion
with the adaptive control where q = qo + q17 + g27 + g3k
is the real quaternion (solid blue lines) obtained with the
adaptive control and q; = qo, + q1,? + q2,7 + qulAc is the
desired quaternion (dashed red lines).

(89)

In the Figure 9, we can observed that desired position is
reached from the beginning, whilst the trajectory track-
ing of the quaternion where we can see in Figure 10.
Notice that was possible to compensate for the distur-
bances in the orientation.

5.6 Comparative analysis of controllers efficiency

In the Figures 11 and 12, we can see the trajectory
tracking obtained with all controllers. When comparing
the track tracking of the previous controllers, we can
see that the trajectory tracking is reached in a similar
way with the adaptive controller and the robust control,
however, when calculating the mean square error we

— 5 —
@ - —=q T —
g 4 -=x]| 2 ‘ -=Y
= ! = 2f,
< 0 > 0
0 50 100 150 0 50 100 150
— Time [s]
% 5 Y
= o -
2 X o4y s
= E o s
N 0= * =
0 50 100 150 0 50 100 150
— 20 Time [s] _ Time [s]
£ 7 — —.
2 1o} , - =% 1o} ¢ - -7,
=° - > 1
<0 >0
0 50 100 150 0 50 100 150
Time Time
T 40 [s] — 2 [s] -
= —_—Lu, 2 ~ Ay,
g 20 ==z o ! - - &,
= o K Nl
N 05 -2
0 50 100 150 0 50 100 150
Time [s] Time [s]

Fig. 8 Estimation of the hydrodynamics parameters where
red lines are the estimation of the hydrodynamics parameters
obtained with the adaptive control and blue lines are the
hydrodynamics parameters introduced into the simulation.

Time [s]

Time [s]

o 50 100 150
Time [s]

Fig. 9 Trajectory tracking using robust control on z, y and
z axes where blue solid lines are the real position, and dashed
red lines are the desired position.

can say that the tracking error in position is more small
with adaptive controller, while that the tracking error in
orientation is most small with robust control, see Table
2. Note that, the adaptive controller needs to know the
hydrodynamic parameters and the computational cost
is higher.

On the other hand, the control inputs obtained with all
controllers can be seen in the Figure 13, note that the
control input of the robust control in y-axis orientation
is larger than the others at first, but then remains in a
range similar to the other control inputs, on the other
hand the control signal of the adaptive control in the
z-axis is larger than the other controllers at first, but
in the other control inputs almost the same intervals
are kept and another important point is with the PD
+ G control which is that the control input is within
a region +40N this fact is interesting since although it
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0 50 100 150 0 50 100 150
Time [s] Time [s]

1 @
@

0.5

92
°

-0.5

0 50 100 150 0 50 100 150
Time [s] Time [s]
Fig. 10 Trajectory tracking of the quaternion with the ro-
bust control where q = qo + q17 + q27 + g3k is the real
quaternion (red lines) obtained with the robust control and
dg = 9o, +q1,i+ quj—ﬁ—qulhf is the desired quaternion (dashed
blue lines).

selinlinies,

LALTY
L
A

y [m]

x [m]

Fig. 11 Aerial view of the trajectory tracking where purple
line is the position using PD + G control, yellow line is the
position with Adaptive control, red line is the position using
Robust control and blue line is the desired position.

does not follow the trajectory as efficiently as the other
controllers it does not have over impulses like the rest.

T yI E74 0,
PD+G control 0.1659 | 0.5037 | 0.3521 | 0.182
Adaptive control | 0.0046 | 0.0071 | 0.064 | 0.0293
Robust control 0.0201 | 0.0462 | 0.0742 | 0.0053

Table 2 Root mean square error criterion for PD 4+ G con-
trol, adaptive controller and robust control. Notice that, the
most efficient controller was the adaptive control for trajec-
tory tracking in position but in orientation the robust control
is more efficient.

o 50 100 150
Time[s]

Fig. 12 Trajectory tracking comparison of the three con-
trollers on x, y and z axis where yellow lines are the positions
obtained with the Adaptive control, red lines are the posi-
tions obtained with the Robust control, purple lines are the
positions obtained with the PD+G control, and blue lines are
the desired positions.

2 20
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=== Ny, 10 radin ==X Adap
5 Neo rd N Xrp
= _ 0¥ AN \ /’
z 1 Z 3
> N ,:~‘ 9 40 \’3 m-[
) 1Ay oy g M
g 05 v o °
S n / 1 L 20
i \ / R
0 N\ i hY 30
\
\(o; w7
<
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0 50 100 150 0 50 100 150
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50 15
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-50 0 -
0 50 100 150 0 50 100 150
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Fig. 13 Control inputs where yellow lines are PD + G con-
trol, red lines are Adaptive control and blue lines are Robust
control.

6 Conclusion

In this research work, a kinematic and dynamic model
for BlueROV2 was developed using dual quaternions,
which allow us to calculate the position and orienta-
tion in a function without presenting singularities to
difference of the use of representation by Euler’s an-
gles. On the other hand,mathematical properties of the
model are obtained to facilitate the demonstration of
the stability of the controllers based on the theory of
dual quaternions. To validate the aforementioned, the
development of three controllers is proposed: PD+G,
adaptive control and robust control. In addition, a com-
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parison is made between controllers and it is observed
which one presents a better performance, based on the
graphs of the results and the data obtained from the
Table 2, where the RMSE values are shown, it is con-
cluded that the best performance index for the tracking
of trajectory in position, it is presented by the adaptive
controller, and for the case of orientation it is the ro-
bust controller. Therefore, we conclude that the adap-
tive controller has better performance. However, keep in
mind that adaptive control needs more available infor-
mation such as knowing the hydrodynamic parameters
of the vehicle, moreover to being sensitive to uncertain-
ties in the model.
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