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Abstract: The solar radiation pressure becomes one of the major perturbations to orbits 

in the study of binary asteroid system, since asteroids have relatively weak gravity fields. 

In this paper, based on the idea of treating the solar radiation pressure as periodic external 

excitation, one novel family of orbits due to primary resonance and another novel family 

of orbits due to both primary resonance and internal resonance have been found by the 

classical perturbation method. The two types of steady-state orbits due to external 

resonance with different area-to-mass ratios have been determined and discussed by the 

frequency-response equations. Five binary asteroid systems, 283 Emma-S/2003 (283) 1, 

22 Kalliope-Linus, 31 Euphrosyne-S/2019 (31) 1, 2006 Polonskaya-S/2005 (2006) 1 and 

4029 Bridges have been taken as examples to show the validity of the proposed mechanism 

in the explanation of orbits formation due to resonance. 
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1 INTRODUCTION 

Over the recent years, the space exploration community has developed a significant 

interest in asteroid systems. Missions to asteroids are now an important component of space 

explorations. Some well-known missions include Dawn mission (successfully flew around 

Ceres and Vesta)[1], NEAR Shoemaker (orbited around 433Eros and became the first of 

its kind to soft-land on it)[2], JAXA’s Hayabusa (landed on the Itokawa in 2005)[3] and 

Hayabusa-2 mission(planned to return samples from the 1999 JU3)[4]. Among the total 

asteroid population, the binary asteroid system (BAS) accounts for approximately 15% of 

the near-Earth asteroids population with a diameter greater than 200m[5; 6]. The binary 

asteroid system was confirmed to exist by the Galileo spacecraft when it flies by the Ida-

Dactyl system[7]. Till now, missions around the binary asteroid systems are still in the 

planning stage, such as ESA’s Marco Polo-R mission[8] and NASA and ESA’s cooperation 

project AIDA[9]. Those missions can enrich our knowledge on the physics of small bodies 

and push the exploration of the history about our solar system. 

Since asteroids in the solar system have smaller mass than the planets and dwarf 

planets, the asteroids’ own gravitational force is generally weak. Correspondingly, the 

environmental perturbations including solar gravitational perturbation, gravitational 

perturbation from other large bodies and solar radiation pressure (SRP) might have non-

negligible influence to orbits around asteroids. Taking the spacecraft with average area-to-
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mass ratio 0.02m2/kg as an example, when the spacecraft enters the main belt asteroid 216 

Kleopatra’s Hill radius, the gravity of the asteroid itself is about 10-3 magnitude, the SRP 

perturbation is about 10-6 magnitude, the solar gravitational perturbation is 10-9 magnitude, 

and the gravitational perturbation from other large bodies is about 10-15 magnitude[10]. In 

such condition, the solar radiation pressure is the main source of perturbation which should 

be considered.  

Literatures pay great attention to the effects of SRP perturbation acting on the orbit 

stability and bifurcations for asteroid systems[11]. Hamilton et al.[12] pointed out that the 

SRP can cause large oscillations of the spacecraft’s orbital eccentricity and semi-major axis. 

Feng and Hou[13] also mentioned that for smaller asteroids with sizes on the order of a 

few kilometers or less, the SRP can cause the spacecraft to escape or impact on the small 

body. Alessi[14] showed that the importance of some resonances caused by SRP in low 

earth orbits. Yárnoz et al.[15] studied the influence of SRP on the linear stability of planar 

symmetric periodic orbits around minor bodies. Chanut et al.[16] analyzed the stabilities 

of the equatorial orbits of asteroid (101955) Bennu due to effects of SRP.  

Aforementioned literatures illustrated the great influence of the SRP on the orbital 

stability and bifurcations, and showed the orbits sensitivity to initial conditions due to the 

SRP. However, by the powerful numerical correction method and continuation methods, 

three types of orbits still can be found by utilizing SRP as part of the system. The first type 

of orbit is the circum-asteroid periodic orbits under SRP obtained in the Hill model 
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including the retrograde and prograde orbits, such as the orbiting trajectories about various 

sized asteroids found by Morrow et al.[17]. Another type of orbit is the powered hovering 

orbits around asteroids. Xin [18] found forced-oscillation hovering motions in the vicinity 

of equilibrium points due to SRP by adopting a triaxial ellipsoid model for the asteroid. 

Broschart and Scheeres[19] and Sawai et al.[20] presented the hovering orbits above 

asteroid (25143) Itokawa by a nearly continuous control thrust. Mysen and Aksnes[21] 

explored the stability boundary created by the rotation of the Rosetta orbiter exposed by 

radiation from the Sun. Takei et.al[22] applied planer model of SRP to Hayabusa2’s station-

keeping operation in the proximity of the asteroid Ryugu. The station-keeping process is 

similar to the one done by Scantamburlo and Guzzo [23]. The last type of orbit involves 

the Sun-terminator orbit[24], quasi-terminator orbit[25] and its alternating orbit near the 

asteroid utilizing the solar sail spacecraft[26-28].  

Especially, for the binary asteroid system, it is suggested that, from an engineering 

point of view, a spacecraft would have a greater advantage in a hovering motion than in an 

orbital motion [29]. Heiligers and Scheeres[30] studied the utilization of SRP on a solar 

sail to generate artificial equilibrium points and hovering periodic orbits for asteroid 

mission. De Almeida, AK, Jr et.al [31] determine the locations of artificial equilibrium 

point considering the spacecraft with thrust such as planar solar sails, which makes possible 

the observation of the poles of the components of the binary system. Hou[32] studied a 

type of hovering orbit named forced-oscillation motion with two tri-axial ellipsoids for the 
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asteroid systems. Utilizing the polyhedral shape to accurately model the gravitational field, 

Aljbaae et al.[33] provided a generalized discussion on the dynamics of a spacecraft around 

the binary asteroid system, (90) Antiope, under the influence of solar radiation pressure. 

Jean et al.[34] compared the influence of different SRP acceleration models acting on the 

spacecraft near a binary asteroid. 

It is noted that most literatures focused on the effects of the SRP on the orbital 

elements[12] and the correction algorithms to obtain the final orbit solutions with linear 

solutions as initial guesses[32; 35; 36]. Some stability analyses have been conducted by 

numerically computing eigenvalues of monodromy matrix [37; 38]. Other stability 

analyses are done by checking whether the designated threshold (eccentricity or other 

parameters) is exceeded[16; 39; 40]. However, the contributions from the system’s 

nonlinearity, which may cause energy transferring and frequency varying under the 

influence of SRP, have not been reported yet. Hence, it is essential to understand the 

mechanism of one periodic orbit from the view point of varying frequency due to SRP. One 

of the best options may be to evaluate the orbits and their stability by a macroscopic 

analytical technique. 

Since the SRP can be considered as perturbation[41] to the binary asteroid system, the 

perturbation techniques[42] may effectively treat those questions. The perturbation 

methods originate from celestial mechanics to study weak gravitational influences, which 

have been used in mechanical vibration field in recent years. From the perspective of the 
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nonlinear oscillations theory, it can be found that, due to the approximate periodic motion 

between the Sun and the binary asteroid system, the SRP appears as periodic external 

excitation in the dynamic equation[43], in which the SRP mathematically leads to non-

homogeneous dynamic equations. It is worthy to mention that, with certain parameters, the 

external excitation system has stable periodic orbit solutions due to the resonance[42]. In 

other words, the SRP excitation can be used to create stable orbits. 

According to the literatures[42; 44], the possible primary resonance occurs when the 

external periodic excited frequency ω is close to the system’s natural frequencies ωn (n=1,2, 

3), and the superharmonic/subharmonic resonance occurs when the external excitation 

frequency is equal to several times of the natural frequencies. Therefore, the asteroid 

systems are highly possible for resonance, as long as the its nth order natural frequency ωn 

and the SRP excitation frequency Ω satisfies the relations that Ω=Nωn or Ω=ωn/N (N is an 

integer real number), resonance can occur. In addition, due to the contributions of 

nonlinearity, the possibilities for resonance can be further expanded to Ω=Nωn+σ or 

Ω=ωn/N+σ (σ is detuning parameter) through slowly changes in amplitudes and phases[42]. 

Those abundant resonance conditions provide new opportunities to design the periodic 

orbit families for asteroid exploration. We will analyze the Long/short period motion 

frequencies and the SRP frequency for some real binary asteroid systems, which is listed 

in Table 1. It can be found that the primary resonance condition fits all the systems in Table 

1 that SRP frequency ω is approximately equal to the in-plane short-period motion ω2. In 
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addition, many systems have 1:3 internal resonances (Detailed information can be found 

in Section 2). The nonlinear oscillations theory provides a new way for mathematically 

explaining the analytical expressions of the periodic orbits and exploring the contributions 

of nonlinearity, which needs to be further studied.  

The remainder of this paper is structured as follows. In Section 2, the BAS-Sun-

spacecraft system is introduced in detail. During the derivation, the BAS-Spacecraft model 

is considered as circular restricted three-body problem (CRTBP) with SRP taken into 

account since the Sun rotates clockwise around the barycenter in the same plane. By 

analyzing the natural frequencies of BASs and SRP external excitation frequency, two 

cases of forced resonance orbits are considered in Section 3 by the classical perturbation 

method. The numerical simulations and interesting nonlinear dynamical behaviors 

including jumping phenomenon and energy transferring from short period motion to the 

long period motion are investigated in Section 4. The conclusions are drawn in Section 5. 

2 DYNAMIC MODEL 

Binary asteroid systems are composed of two bodies orbiting their barycenter. In the 

present studies, the two asteroids and spacecraft system are considered as CRTBP: two 

primaries are assumed to revolve around their barycenter in circular orbits under their 

mutual gravitational attractions. The small spacecraft is “massless”, which is attracted by 

the two primaries and moves in the plane defined by the two primaries. We assume that the 
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motions of the primary bodies are not affected by the particle. The modeling problem 

becomes more complicated when non-spherical terms of the asteroids are considered. In 

this study, we focus on systems that fit the CRTBP assumption which are nearly sphere-

restricted synchronous systems or rotationally symmetric asteroids with their equatorial 

planes coinciding with their mutual orbit plane.  

The geometry of the BAS-Spacecraft-Sun problem is conveniently described in a 

synodic coordinate system (o-xyz), which is centered at the barycenter of the two primaries 

O, as shown in Fig.1(a). The m1 represents the mass of the larger primary and m2 represents 

the mass of the smaller one. Ω is the angular speed of the BAS. R1 and R2 are the distance 

of the particle from the larger primary and the smaller one, respectively. L denotes the 

distance of two primaries. ms is the mass of the Sun. R denotes the distance between 

barycenter O and spacecraft, Rso is the distance between barycenter O and Sun. θ is the 

angle between the Sun light and the x-axis.  

  

Figure 1(a) Geometry of BAS-Sun-Spacecraft 

System in x-y plane 

Figure 1(b) Geometry of BAS-Sun-Spacecraft 

System in x-z plane 
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We assume that the Sun rotates clockwise in a circular orbit around the barycenter 

with a constant inclination i, as shown in Fig.1(b). At the initial time, the Sun is assumed 

to be on the positive x axis. The distance between the Sun and the center of the BAS 

maintains a constant. Since the magnitude of solar gravitational perturbation is two orders 

lower than that of SRP, only the SRP is considered during the modeling, which appears as 

an inhomogeneous term in the synodic system. 

Since R/Rso<<1, the periodic external excitation of the Sun in x-y plane can be 

approximately expressed as 

  
T

2
cos sicos cos n


 = − −SRP

so

i i
R

F  (1) 

where 

 ( ) 21 o o

S
W R

M
  = +  (2) 

in which α is the reflection coefficient, Wo=4.56μNm-2 is the solar pressure at Ro=1AU, and 

S/M is the effective area-to-mass ratio of the spacecraft.  

We define μ=m2/(m1+m2) as the mass parameter of the system and consider the 

distance L of two primaries as the unit. So, the larger primary, with a mass of 1−μ, is located 

at (−μ, 0, 0); the smaller one, with a mass of μ, is located at (1−μ, 0, 0), and the mass of the 

Sun is μs=ms/(m1+ m2). In this synodic coordinate system, the time unit is defined as the 

period time of the smaller primary around the larger one. The non-dimensional equation of 

motion for spacecraft’s is obtained as 
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where the nondimensional SRP acceleration F=(βΘ/Rso
2)cosi/(Ω2L), and the angular rate of 

the Sun line in the synodic coordinate system can be expressed as  

3  1 /s sor = −                          (4) 

in which rso=Rso /L, μs=ms/(m1+m2). The pseudo-potential function V of the system is given 

by  

 

2 2

1 2

1

2

x y
V

r r

 + −
= + +  (5) 

in which r1 and r2 are the nondimensional distances of the particle from the larger primary 

and the smaller one, respectively. Note that the SRP is considered as external excitation 

and does not affect the system’s natural frequencies and the equilibrium points. Without 

considering SRP, the unperturbed part is the classical CRTBP. In such system, equilibrium 

points in the synodic frame still exist. 

To investigate the motion around the equilibrium points of the BAS, it is necessary to 

move the origin of the coordinate system from the barycenter of the system to the 

equilibrium point. We take the triangular equilibrium point L4 as an example, the 

relationship between the new coordinate system L4-ξηζ and the synodic coordinate 

system(o-xyz) can be expressed as 

 ( ) ( )
T

, , , ,   = − −
T

o o ox x y y z  (6) 
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where xo and yo are the coordinate of the equilibrium point, γo is the unit of length rescaled 

as the distance between the equilibrium point and its closest primary. 

The pseudo-potential function of the motion around the L4 point could be expressed 

with the Legendre polynomials Pn. By this way, Equation (3) can be rewritten as 

 

( )

( )

2 ,
, ,

2 ,
, ,

2 cos

2 sin

i j k

ijk
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i j k N

i j k

ijk

n i j k n
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V V F t

V V F t

 

 

        

        



= + + =




= + + =


− − − = −

+ − − = −

 

 
 (7) 

where Vξξ=3/4, Vηη=9/4, Vξη= ( )
3 3

1 2
4

− , and αijk, βijk are known constants. The expressions 

up to third order can be found in the Appendix as A2. 

By solving the eigen problem of the linear part of Equation (7), the natural 

frequencies for the motions around the L4 point can be obtained. By Equation (4), the 

frequency of SRP in different BASs also can be obtained. Twelve BASs are taken as 

examples, and the natural frequencies and the corresponding SRP frequencies are listed in 

Table 1.  

Table 1 Long/short period motion frequencies and the SRP frequencies for some BASs  

Binary Asteroid System μ 

Long period 

motion 

frequency 

(ω1) 

Short period 

motion 

frequency 

(ω2) 

Frequency of 

SRP (ω) 

31 Euphrosyne-S/2019(31) 1 0.000016 0.01032790 0.99994666 0.99923270 

121 Hermione-S/2002(121) 1 0.004986 0.18625610 0.98250122 0.99938936 

624Hektor-Skamandrios 0.000277 0.04329963 0.99906213 0.99964569 

2006 Polonskaya-S/2005 (2006) 1 0.010471 0.27500933 0.96144155 0.99938818 
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7088 Ishtar-unnamed 0.017651 0.36788415 0.92987162 0.99916322 

283 Emma-S/2003(283) 1 0.000298 0.04490272 0.99899136 0.99785612 

1866 Sisyphus-Secondary 0.000985 0.08176847 0.99665135 0.99890915 

379 Huenna-S/2003(379) 1 0.000291 0.04439217 0.99901418 0.95102605 

1990TR-Secondary 0.005713 0.19983568 0.97982942 0.99929691 

4029 Bridges-Secondary 0.013592 0.31721890 0.94835234 0.99955159 

22 Kalliope-Linus 0.004776 0.18216969 0.98326710 0.99800815 

 

Generally, for a two-dimensional system, there are two natural frequencies ω1 and ω2 

(assuming that ω2 > ω1) denoting respectively the long and the short period orbits. In Table 

1, it can be found that the second natural frequency ω2 of most BAS is very close to 

frequencies of SRP ω, that ω≈ω2. It is known that the possible resonance occurs when the 

external periodic excited frequency is close to the system’s natural frequency. Thus, the 

second primary resonance phenomena may occur for all the systems in Table 1. In addition, 

some BASs’ second natural frequencies are around the three times of the first natural 

frequency, that ω2≈3ω1. Hence, 1:3 internal resonances are also possible for these BAS, 

such as 4029 Bridges-Secondary, 2006 Polonskaya-S/2005 (2006) 1 and 7088 Ishtar-

unnamed. 

3 FORCED RESONANCE ORBIT ANALYSIS  

In this section, two cases are investigated. In Case I, only the second primary 

resonance is considered. In Case II, both the second primary resonance and 1:3 internal 

resonance between the long period and short period motions are taken into consideration 
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to find the forced resonance orbits. Generally, the 1:3 internal resonance affects the final 

orbits of the system through the cubic nonlinear terms. We truncate the Equation (7) into 

third order. By utilizing the method of multiple scales, an approximation of the system can 

be obtained and the stability for steady-state motions is analyzed, which will further benefit 

the trajectory design in asteroid missions.  

We seek an asymptotic solution to Equation (7) in the form 

 
( ) ( ) ( )

( ) ( ) ( )

2 3

1 0 2 2 0 2 3 0 2

2 3

1 0 2 2 0 2 3 0 2

, , ,

, , ,

T T T T T T

T T T T T T

     

     

= + +

= + +
  (8) 

where the T0=t, is a fast time scale, T2=ε2t, is a slow time scale, and ε is a bookkeeping 

device to denote following small terms.  

Then, the derivatives with respect to t become expansions in terms of the partial 

derivatives with respect to the Tn according to 

 

( ) ( )

20 2
0 2

0 2

2
2 2 2 20 2

0 2 0 2 0 0 22

0 2

= 2



  

 
= + = +
 

 
= + + + +
 

dT dTd
D D

dt T dt T dt

dT dTd
D D D D D D D

dt T dt T dt

  (9) 

Here only the terms of order ε2 are keep and higher order terms are truncated. 

Moreover, we set F in Equation (7) equals to ε3f. So that the effect of nonlinearity 

and excitation will appear in the same perturbation equations. Then, substituting Equation 

(8) and Equation (9) into Equation (7) and equating coefficient of ε, we obtain: 

Order ε1 



 

13 

 

 

2

0 1 0 1 1 1

2

0 1 0 1 1 1

2 0

2 0

D D V V

D D V V

 

 

   

   

 − − − =


+ − − =

  (10) 

Order ε2 
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  (11) 

Order ε3 
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2

210 1 1
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         2 2 cos
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          + +

 

 

          

              

          

  

− − − = − + +

+ + + + + + −

+ − − = − − +

D D V V D D D

f t

D D V V D D D

( )3

300 1 200 1 2 110 1 2 2 1 020 1 2+2 + +2 sin           








+ − f t

 (12) 

The solution to Equation (10) can be easily obtained as: 

 
( ) ( )

( ) ( )

1 0 2 0

1 0 2 0

1 1 2 2 2

1 1 1 2 2 2 2

i T i T

i T i T

A T e A T e cc

A T e A T e cc

 

 





= + +

=  + +
  (13) 

where cc denotes the complex conjugates of all preceding terms of the right-hand side and 

 ( )
2

2

2
1,2

2

 

 

 

 

− − −
 = = =

+ +

r r

r

r r

i V V
r

V i V
，  (14) 

3.1 CASE I: SECOND PRIMARY RESONANCE ω≈ω2 

The second primary resonance is considered in this section. The detuning parameter τ 

is introduced and denoted as  

 
2

2   = +  (15) 

Substituting Equation (13) to Equation (11), we could obtain the solutions of ξ2 and 

η2 in Equation (11). Then, employing the Euler’s formula and substituting ξ1 and η1、ξ2 
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and η2 into Equation (12), we obtain 

( ) ( )

( ) ( )
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D D V V i D A e i D A e

i
V e V e fe e cc

 (16) 

where the terms starting with U1, U2, V1, V2 obviously can result in secular terms, and the 

expressions of which can be found in the Appendix as Equation A3. 

To determine the solvability conditions of Equation (16), we seek a particular 

solution in the form 

 

1 0 2 0

1 0 2 0

3 1 1

3 2 2

i T i T

i T i T

Pe Q e

P e Q e

 

 





= +

= +
  (17) 

Substituting Equation (17) into Equation (16), and equating the coefficients of exp(iω1T0) 

and exp(iω2T0) on both side, we obtain 
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  (18) 

where 
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Thus, the problem of determining the solvability conditions of Equation (16) is reduced 

to that of determining the solvability conditions of Equation (18): 

 

2 2

1 11 2 12

1 11 2 12

0              0
2 2

V X V X

i V Y i V Y

 

 

 

 

− − − −
= =

− −
  (20) 

Substituting Equation (19) into Equation (20) we obtain 

 
( )( )2
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 =  + 

=  + +  − i T

D A i G A A A G A A

D A i G A A A G A A i fe
  (21) 

where  
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r
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r r

V
r
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+
 = =

− − −
  (22) 

Since G11, G12, G21, and G22 are all complex, we express them as G11=R11+iI11, G12=R12+iI12, 

G21=R21+iI21, G22=R22+iI22. The R11, I11, R12, I12, R21, I21, R22, I22 are all real functions of 

nonlinear terms in Equation (7). The expressions of them are shown in Appendix as A4. 

Note that A1 and A2 are considered as functions of the slow time T2 and the complex 

amplitude An can be expressed as An=0.5anexp(iβn) with real an and βn. By introducing the 

φ1=β1, φ2=τT2-β2, the real and imaginary parts of Equation (21) can be separated as 

 

2 3

1 2 1
2 1 1 11 1 12

2 3

1 2 1
1 2 1 1 11 1 12

2 3

1 2 2
2 2 2 21 2 22 2 23 2 2 23 2

2 3

1 2 2
2 2 2 2 21 2 22 2 23 2 2 23 2 2

4 4

4 4

2 sin 2 cos
4 4

2 cos 2 sin
4 4
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a a a
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D a I I R I
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a D R R R I a



 

   

= − −

=  +

= − − −  − 

= − − −  +  +

  (23) 

Therefore, the first-order approximation for the general solution Equation (13) is 
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i T i T
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+ −

+ −
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  (24) 

Note, Equation (24) is the first-order approximation of the system instead of a linear 

solution. Affected by the system’s nonlinearity, the variations of an, and φn (n = 1, 2) in 

Equation (24) strictly follow Equation (23). However, the amplitudes of the linear 

solution can be chosen as any value. 

It is known that steady-state motions occur when D2a1=D2a2=0, D2φ1=D2φ2=0, which 

corresponds to the singular points of Equation (23). It is clear that a1=0 must be the steady-

state motion for the long period motion (i.e., motion relevant to ω1). For the steady-state 

motion, the short period motion (i.e., motion relevant to ω2) must be 

 

3

20
2 20 2 22 2 20 2 2 20

3

20
20 2 20 2 22 2 20 2 2 20 20

sin cos
4

cos sin
4

a
D a I f f

a
a D R f f a

 

   

= − + − 

= − + +  +

  (25) 

where the subscript 0 denotes steady-state values. Then, Equation (25) can be rewritten as  

 ( ) ( )2 2 2 2 2 6 2 2 2 4

2 2 20 20 2 22 22 20 2 2216 1 16 8f a a R I a R  + = +  + −   (26) 

which is named as frequency-response equation or amplitude of the excitation-amplitude 

of response equation. Here we express the steady-state amplitude of the response a20 as 

function of detuning parameter τ and solar radiation force f. It is clear that once the detuning 

parameter τ (τ=ω-ω2) and system parameters are given, the amplitude of the response a20 

is determined. Then, the steady-state phase of the response φ20 could be solved by Equation 

(25). 
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However, it is possible for one detuning parameter τ to result in two or three values of 

steady-state amplitude solutions a20 by Equation (26). It is necessary to evaluate the 

stability of the steady-state solutions. One simple way is to investigate the nature of the 

singular points of Equation (25). The Jacobi matrix of Equation (25) can be obtained as 

 

2 3

20 20
2 22 20 2 22

2 3

20 20
2 22 2 22

3

4 4

3

4 4

a a
I a R

A
a a

R I





 
− − 

 =
 
− +    

  (27) 

Let p is the trace of [A] and q is the determinant of [A], we obtain the eigenvalues of 

[A] 

 

1 2

2

1,2

1 1
,

2 4
p p q

 
= − 

 
  (28) 

when λ is a pure imaginary number or has negative real part, the solution is stable. 

By employing the Euler’s formula, the first-order approximation to the forced 

resonance orbit is found as 

 
( )

( )

20 20

2 20 20

cos ,

cos .

a t

a t

  

  

= −

=  −
 (29) 

3.2 CASE II: SECOND PRIMARY RESONANCE WITH CONSIDERATION OF 1:3 

INTERNAL RESONANCE ω≈ω2, ω2≈ 3ω1 

In this subsection, we restrict our attention to the case with 1:3 internal resonance. In 

the presence of internal resonance, the steady-state motions become coupled and more 

complicated. In addition to the detuning parameter τ in Equation (15), we introduce the 
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second detuning parameter σ representing the deviation between 3ω1 and ω2,  

 
2

2 13 ,   = +   (30) 

and express (ω2-2ω1)T0 as (ω2-2ω1)T0=ω1T0+σT2, then, Equation (16) can be rewritten as 

( ) ( )

( ) ( )

1 0 2 0

1 0 2 0 2 0 2

1 0 2 0

1 0 2 0 2 0

2

0 3 0 3 3 3 1 1 2 1 2 2 2 2

1 2

2

0 3 0 3 3 3 1 1 2 1 2 2 2 2

1 2

2 2 2 2 2

1
...

2

2 2 2  2 2

2

i T i To o

i T i T i T i T

i T i To o

i T i T i T

D D V V i D A e i D A e

U e U e fe e cc

D D V V i D A e i D A e

i
V e V e fe

 

 

   

 

 

  

     

     

− − − =  − +  −

 + + + + +

+ − − = −  − −  +

 + + + 2 ...
T

e cc


+ +

(31) 

Since the internal resonance affects the process of merging secular terms, the U’1, U’2, V’1, 

V’2 are functions of system’s nonlinear coefficients that are different from U1, U2, V1, V2 in 

Equation (16). The expressions for U’1, U’2, V’1, V’2 can be found in the Appendix as A5. 

Similar to the process of Equation (17)-Equation (22), by introducing φ1=β1+σT2-3β1, 

φ2=τT2-β2, and introducing the polar notation An as 0.5anexp(iβn), the real and imaginary 

parts of Equation (31) can be separated. A set of time-dependent equations that govern the 

time variation of the amplitudes and phases can be derived as  

( )

( )

2 3 2

2 1 1 1 11 1 2 1 12 1 1 1 2 13 1 13 1

2

2 1 2 1 2 21 1 12 2 23 1 2 23 1

2

2 2 22 1 11 1 2 1 13 1 1 13 1

2 2 2

2

1 1 1
sin cos

4 4 4

1 3 1 1
cos sin

4 4 4 4

1 3 3
sin cos

4 4 4

1
cos sin

D a f I a a I a a a R I

D f a R R R I

a R R a a I R

f
a

 

  

 



   = = −  −  −  +

    = =  −  +  +  
 

    +  −  +  − 
 

−  +( )2 +

 (32) 
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( )

( )

( )

2 3 3

2 2 3 2 21 1 2 2 22 2 2 1 23 1 23 1

2 2 2 2 2

2 2

2 2 4 2 1 21 23 1 23 1 2 22 2

2 2 2 2

2

1 1 1
sin cos

4 4 4

cos sin

1 1
cos sin

4 4

1
                cos sin

D a f I a a I a a R I

f f

D f a R R I R a

f
a

 

 

  

  

   = = −  −  +  −

−  +

   = = −  + + − 

+  + +

 (33) 

where R’11, I’11, R’12, I’12, R’13, I’13, R’21, I’21, R’22, I’22 and R’23, I’23, are all real functions 

of nonlinear terms. The expressions for them can be found in the Appendix as A6. 

We note that here a10 can be zero while a20 is nonzero or both a10 and a20 are nonzero. 

The results for the case a10 is zero are similar to those in Section 3.1. Here, we focus on the 

condition that both a10 and a20 are nonzero. We employed the same method to obtain the 

steady-state motion. Let D2a1=D2 a2=0, D2φ1=D2φ1=0, and rearrange the sinφ10, cosφ10 and 

sinφ20, cosφ20 as  

 

( ) ( ) ( )

( )

( ) ( ) ( )

( )

2 2

1 20 11 13 11 13 1 10 12 13 12 13 13

10 2 2

1 10 20 13 13

2 2

1 20 11 13 11 13 1 10 12 13 12 13 13

10 2 2

1 10 20 13 13

3 3 4
sin =

3

3 3 4
cos =

3

a R I I R a R I I R I

a a R I

a I I R R a I I R R R

a a I R

 


 


 − +  − − +

 +

−  + −  + + +

 +

 (34) 

( ) ( )

( ) ( )
( )

( ) ( )

( ) ( )

2 3

2 10 20 2 21 21 2 20 2 22 22 2 20

3 3

2 10 2 23 23 10 2 2 23 23 10 10

20 2

2 2

2 3

2 10 20 2 21 21 2 20 2 22 22 20

3 3

2 10 2 23 23 10 2 10 2 23 23 10

20

2

+ 4

cos sin
sin

4 1

4

cos sin
cos

4 1



 




 


  +  + − 

+  + +  −
=

 +

−  − −  − −

+  − +  −
=

 +

a a R I a R I a

a R I I R a

f

a a I R a I R a

a I R a R I

f ( )2

2

       (35) 

By letting sin2φ10+cos2φ10=1 and sin2φ20+cos2φ20=1, these equations are transformed 

into autonomous equations. The steady-state amplitudes of the response a10 and a20 are 
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considered as functions of the solar radiation force f and detuning parameters τ and σ. It is 

noticed that a10 and a20 are coupled due to the internal resonance and the solutions are 

complicated. 

We also utilize the nature of the singular points of Equations (32)-(33) to determine 

the stability of the steady-state motion solutions. The Jacobi matrix is 

 ( )

11 12 13 14

21 22 23 24

31 32 33 34 1 2 1 2

41 42 43 44

,   1, 2,3,4i i i i

a a a a

a a a a f f f f
A i

a a a a a a

a a a a

 

 
 

     = = =    
 
 

 (36) 

When the eigenvalues are pure imaginary numbers or have negative real part, the 

solution is stable. Finally, we can present the stable steady-state solution as 

 

( ) ( )

( ) ( )

10 10 20 20 20

1 10 10 20 2 20 20

1
cos cos ,

3

1
cos cos .

3

a t a t

a t a t

     

     

= − − + −

=  − − + −

 (37) 

It is clear that, although the solar radiation excitation only resonates with the short 

period motion (ω≈ω2), due to the 1:3 internal resonance, both long period solution and 

short period solution contribute the final forced resonance solution. In addition, it is found 

that the nonlinearity and the internal resonance of the system play major roles in adjusting 

the frequency of the long period solution to exactly one-third of the solar radiation 

excitation frequency and adjusting the frequency of the short period solution to be the 

exactly same as frequency of solar radiation excitation. Therefore, the synthesis of the 

response is still periodic. 
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4 NUMERICAL SIMULATIONS 

In this section, numerical simulations are performed to demonstrate the designing 

process of two types of novel forced resonance periodic orbits. The frequency-response 

curve and amplitude of the excitation-amplitude of response curve are obtained with 

detailed explanations. The possible solution for the steady-state amplitude will be obtained 

and the corresponding stability is analyzed. Finally, the periodic forced resonance orbits 

are found. 

4.1 CASE I: PRIMARY RESONANCE ORBITS  

In this part, we apply the proposed method in Section 3.1 to obtain the stable second 

primary resonance orbits for the BASs in Table 1. The 283 Emma - S/2003 (283) 1, 22 

Kalliope-Linus, and 31 Euphrosyne - S/2019 (31) 1 are randomly chosen from Table 1 as 

examples.  

4.1.1 EXAMPLE: 283 EMMA - S/2003 (283) 1 

The (283) Emma and S/2003 (283) 1 binary system is located in the main asteroid belt 

which rotates around the Sun in a nearly circular orbit with eccentricity as 0.12. Since the 

shape of (283) Emma is almost a sphere, it is reasonable to consider that the gravitational 

perturbation due to (283) Emma’s shape should be weak. Therefore, this system is suitable 

to be described by the dynamic model in Section 2. By the orbital data of binary asteroid 
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systems from Johnston’s Archive[45], we obtain its nondimensional planar natural 

frequencies as ω1= 0.0449 and ω2= 0.9989. According to Equation (4), the angular rate of 

the Sun line in the (283) Emma and S/2003 (283) 1 synodic coordinate system is ω=0.9978. 

The plots of a20 as a function of τ for different values of solar radiation force f are 

called frequency-response curves which can be obtained by using Equation (26), as shown 

in Fig.2. Each point on this curve corresponds to a singular point in a different state plane. 

We note that although the excitation f is relatively small, the response can be quite large. It 

is a prototypical property of resonance that small input results in large response due to 

energy accumulation. As the amplitude of the solar radiation excitation increases, the 

frequency-response curves bend away from the backbone curve that is shown by a black 

dotted line in Fig.2. 

  

Figure 2 Frequency-response curve of 283 Emma 

and S/2003 (283) 1  

Figure 3 Amplitude of the excitation-amplitude 

of responds curves of 283 Emma and S/2003 

(283) 1 when τ=-0.001135 

For the (283) Emma and S/2003 (283) 1 binary system, the detuning parameter is 

determined as τ= ω-ω2=-0.001135. Based on Equation (26), we also can plot a20 as a 
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function of solar radiation force f for a given τ=-0.001135 called as amplitude of the 

excitation-amplitude of responds curve and shown in Fig.3. Only the solid red line donates 

stable solutions according to the Equation (28). Let us suppose that f increases, this process 

is indicated by blue arrows through points e, d, b and a. The jumping phenomenon from 

point d to point b can be observed along the blue arrow. There are three nontrivial solutions 

exit if f falls in the cyan region. If f decreases, this process is indicated by black arrows 

through points a, b, c and e. There is only one stable nontrivial solution until f reaching 

point b in yellow region. Beyond point b, there are three nontrivial solutions given by 

Equation (26).  

In addition to the complicated nonlinear jumping phenomenon, with different solar 

radiation forces, the number of nontrivial solution is also different. For example, when the 

area-to-mass ratio S/M is chosen as 0.003m2/kg, corresponding nondimensional solar 

radiation force f is 1.0458×10-5, the response amplitude of the periodic orbit a20 have three 

values as shown in Fig.3. P1 (a20(P1)=0.009343) is marked as blue asterisk, 

P2(a20(P2)=0.02272) marked as black cross, and P3(a20(P3)=0.03206) is marked as red 

circle. When the area-to-mass ratio S/M is chosen as 0.005 m2/kg and the corresponding 

nondimensional solar radiation force f is 1.7431×10-5, the response amplitude of the 

periodic orbit a20 only have one value in Fig.3. P4(a20(P4)=0.03392) is marked as red 

diamond. 

Table 2 the values of p and q of different amplitudes 
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Values p q Stability Solar Radiation 

Pressure 

a20(P1)=0.009343 0 q=7.3020×10-9 Stable f=1.0458×10-5 

f=1.0458×10-5 

f=1.0458×10-5 

a20(P2)=0.02272 0 q=9.6615×10-9 Stable 

a20(P3)=0.03206 0 q=2.9899×10-8 Stable 

a20(P4)=0.03392 0 q=5.7995×10-8 Stable f=1.7431×10-5 

 

Equation (28) is used to evaluate the stability of the nontrivial solutions. Since p and 

q in Equation (28) are dependent on a20, τ and nonlinear coefficients, the values of p and 

q can be found in Table 2. 

As we concluded, when p=0 and q is positive, the corresponding value of state-state 

amplitudes a20(P1)=0.009343, a20(P3)=0.03206 and a20(P4)=0.03392 are stable. when q is 

negative, the corresponding value of state-state amplitude a20(P2)=0.02272 is unstable. 

Similarly, all points in Fig.3 can be evaluated in the same way and all the stable solutions 

are denoted as solid red line. 

  

Figure 4(a) State plane portrait when  

f=1.0458×10-5 

Figure 4(b) State plane portrait when 

f=1.7431×10-5 

The state plane portrait in Fig.4(a) verify that P1 and P3 are center points and P2 is a 
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saddle point when f=1.0458×10-5. The state plane portrait in Fig.4(b) implies that P4 

presents as the only center point when f=1.7431×10-5. It is worthy to mention that, with 

different values of f, based on Fig.3, we always can find the corresponding stable steady-

state motion amplitudes a20. The family of the novel forced resonance period orbits can be 

found. 

With the stable solutions for the state-state amplitude a20 and phase φ20, we present 

possible periodic orbits that can be utilized as nominal orbits for practical space missions. 

Based on Equation (29), we plot the resonance period orbits of the system about different 

a20 in Fig.5. The initial conditions determine which steady-state solution is physically 

realizable by the system. 

 

Figure 5 Actual planar trajectory in L4-ξηζ with different parameters 

4.1.2 EXAMPLE: 22 KALLIOPE AND LINUS 

We also apply the proposed method to main belt asteroid binary system 22 Kalliope 

and Linus which rotates around the Sun in a nearly circular orbit with eccentricity as 0.1. 
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Based on the orbital data from Johnston’s Archive[45], we obtain its nondimensional planar 

natural frequencies as ω1=0.1821 and ω2=0.9739, According to Equation (4), the angular 

rate of the Sun line in the 22 Kalliope and Linus synodic coordinate system is ω=0.9980. 

Fig.6 shows the variation of the frequency-response curves with different values of 

solar radiation force, which is similar to the frequency-response curves for 283Emma- 

S/2003 (283) 1. 

  

Figure 6 Frequency-response curve of 22 

Kalliope and Linus 

Figure 7 Amplitude of the excitation-amplitude 

curve of 22 Kalliope and Linus when τ= 

0.01474 

For the 22 Kalliope and Linus system, the detuning number τ=ω-ω2=0.01474, 

amplitude of the excitation-amplitude of responds curve is plotted in Fig.7. There is no 

jump phenomenon in such system when the detuning parameter is positive. One given 

amplitude of the solar radiation force f is corresponding to one amplitude of responding 

short period motion. When f=4.6472×10-5, f=9.2941×10-5, f=1.3941×10-4, and 

f=1.8588×10-4, the corresponding amplitudes of responses are a20(P1)=0.003077, 

a20(P2)=0.006137, a20(P3)=0.009163 and a20(P4)=0.01214, respectively, which are all 
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marked as red circle in Fig.7. Equation (28) is used to evaluate the stability. All points in 

Fig.7 are evaluated by the Equation (28) and they are all stable. The state plane portrait 

in Fig.8 verifies the results that Pi (i=1,2,3,4) is shown as a center point. 

  

Figure 8(a) State plane portrait when 

f=4.6472×10-5 

Figure 8 (b) State plane portrait when 

f=9.2941×10-5 

  

Figure.8(c) State plane portrait when 

f=1.3941×10-4 

Figure 8(d) State plane portrait when 

f=1.8588×10-4 

Fig.9 shows the resonance family with different given magnitudes of solar radiation 

force f. Starting from the innermost orbit to the outmost one, the S/M increases from 0.02 

to 0.08 m2/kg, which corresponding to the f varies from 4.6472×10-5 to 1.8588×10-4. As 

solar radiation force f increases, the amplitudes of the resonance periodic motions become 

larger. 
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Figure 9 Family of planar trajectories in L4-ξηζ 

4.1.3 EXAMPLE: 31 EUPHROSYNE AND S/2019 (31) 1 

The 31 Euphrosyne and S/2019 (31) 1 is a main belt asteroid that rotates around the 

Sun with inclination as 1.4° and eccentricity as 0.043. Based on the orbital data from 

Johnston’s Archive[45], we obtain the system’s nondimensional planar natural frequencies 

as ω1=0.01032 and ω2=0.9999. The angular rate of the Sun line in the 31 Euphrosyne and 

S/2019 (31) 1 synodic coordinate system is ω=0.9992. 

Fig.10 shows the variation of the frequency-response curves with different values of 

solar radiation force. The amplitude of the excitation-amplitude of responds curve when 

τ=ω-ω2=-0.0007139 is plotted in Fig.11. There is also the jumping phenomenon in such 

system similar to 283 Emma and S/2003 (283) 1. The two-way jump processes are shown 

by blue arrows and black arrows. Equation(28) is used to evaluate the stability for all points 

in Fig.11. The stable amplitudes of a20 are denoted as solid line and the unstable amplitudes 

of a20 are denoted as dotted line. 
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Figure 10 Frequency-response curve of31 

Euphrosyne and S/2019 (31) 1 

Figure 11 Amplitude of the excitation-

amplitude curve of31 Euphrosyne and S/2019 

(31) 1 when τ= -0.0007139 

  

Figure 12 State plane portrait when  

f=7.7456×10-6 
Figure 13 Actual planar trajectories in L4-ξηζ 

Particularly, when f equals 7.7456×10-6, the solution a20(P1)=0.02658 is stable and 

marked as red circle in Fig.11. The state plane portrait in Fig.12 verifies the results that P1 

is shown as a center points. Fig.13 shows the resonance orbit with given magnitude of solar 

radiation force f. 

It is worthy to mention that the 283 Emma - S/2003 (283) 1, 22 Kalliope - Linus, and 

31 Euphrosyne - S/2019 (31) 1 are only taken as examples. The proposed method is suitable 

for all the systems to find primary resonance orbits. 
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4.2 CASE II: PRIMARY RESONANCE ORBITS WITH CONSIDERATION OF 

INTERNAL RESONANCE  

In this subsection, we focus on the forced periodic motions with internal resonance. 

The 2006 Polonskaya, and 4029 Bridges, with nearly ratio ω2/ω1=3 are chosen from Table 

1 as examples. The proposed method in Section 3.2 is applied to obtain the stable resonate 

orbits for those systems. In addition, the energy transferring down from short period motion 

to long period motion due to the internal resonance will be spotted. 

4.2.1 EXAMPLE: 2006 POLONSKAYA-S/2005 (2006) 1 

The 2006 Polonskaya-S/2005 (2006) 1 is a main belt binary asteroid system which 

rotates around the Sun with eccentricity as 0.1933 and inclination as 4.9188°. Based on the 

orbital data from Johnston’s Archive[45], we obtain its nondimensional planar natural 

frequencies as ω1=0.2750 and ω2=0.9614, and the angular rate of the Sun line is ω= 0.9993, 

which suggest the detuning parameters τ=ω-ω2=0.0379, σ=ω2-3ω1=0.1364. 

Based on the Equation (34) and Equation (35), by letting sin2φ10+cos2φ10=1 and 

sin2φ20+cos2φ20=1, we could obtain the frequency-response equations. The response 

amplitudes a10 and a20 are plotted as a function of the amplitude of the solar radiation force 

f when τ equals 0.03794 and σ equals 0.1364, as shown in Fig.14. The two figures on the 

left are the enlarged parts of the stable regions of the long- and short-period amplitudes, 
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respectively. Fig.14 shows how complicated the solutions can be when the short period 

motion is excited, that is, ω≈ω2. 

 

  

Figure 14 Amplitude of the excitation-amplitude curves of 2006 Polonskaya-S/2005 (2006) 1 

 

The stability of all the steady-state is analyzed by checking the eigenvalues of the 

Jacobi matrix in Equation (36). The yellow and cyan regions in the enlarged figures 

highlight the stable ones. It is found, comparing with the simulations in Section 4.1, due to 

the internal resonance, many portions of these curves correspond to unstable solutions, and 

hence they cannot be realized in practice. 

 

 

 

Figure 15(a) Actual planar trajectory in L4-ξηζ Figure 15(b) Time history diagram for 

resonance x- and y-motion 
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We choose f=6.9598×10-6 from the stable region in Fig. 14, the stable response 

amplitudes a10 and a20 are obtained as 0.08421 and 0.00792, which are marked as P1 and 

P2 in Fig. 14. The corresponding phase φ10, φ20 are 0.0336 and 0.7117, respectively. Based 

on the Equation (37), we plot the periodic motion of the response in Fig.15(a). Fig.15(b) 

shows the synthesis of the response. In this case, we note that although only the short period 

motion resonance occurs with the solar radiation excitation, the amplitude of the long 

period motion can be as much as 10.6 times of the amplitude of the short period motion. 

This means that the internal resonance provides the mechanism for transferring energy 

down from short period motion (high mode) to long period motion (low mode). It is also 

worthy to mention that due to the contribution of nonlinearity, the frequency of the long-

period amplitude becomes exactly one-third of the frequency of the short-period amplitude. 

The family of this type of forced resonance period orbits with consideration of 1:3 internal 

resonance can be found with different values of f. 

4.2.2 EXAMPLE: 4029 BRIDGES- UNNAMED SECONDARY 

The 4029 Bridges- unnamed secondary is a near-Earth binary asteroid system, whose 

orbital eccentricity is 0.1310 and inclination is 5.4370°. Similarly, based on the orbital data 

from Johnston’s Archive[45], we obtain its nondimensional planar natural frequencies 

ω1=0.3172 and ω2=0.9483. The angular rate of the Sun line in the synodic coordinate 

system is ω=0.9995. The corresponding detuning parameters are τ=0.05119 and σ=-
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0.003304. 

The same analysis can be applied to the 4029 Bridges. We plot the amplitude of the 

excitation-amplitude curves as shown in Fig.16. The two figures on the left are the enlarged 

parts of the stable region of the long- and short- period amplitude of the excitation-

amplitude curves, respectively. The stability of all the steady-state is analyzed by checking 

the eigenvalues of the Jacobi matrix in Equation (36).  

Similar to the results for 2006 Polonskaya, only a few stable solutions exits in this 

system, which are denoted as solid line in Fig.16. Choosing f=2.7954×10-6 from the stable 

area, we can find a10(P1)= 0.04574, a20(P2)= 0.001544. Based on the Equation (37), we 

plot the periodic motion to show the synthesis of the response in Fig.17. Due to the internal 

resonance, the energy from the solar radiation excitation also transfers down from short 

period motion to long period motion, which is results in large a10 and small a20 for the 

finally response. 

 

 
 

Figure 16 Amplitude of the excitation-amplitude curves of 4029 Bridges- unnamed secondary  
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Figure 17(a) Actual planar trajectory in L4-ξηζ Figure 17(b) Time history diagram for 

resonance x and y-motion 

5 CONCLUSIONS 

In this paper, by adopting the CRTBP model for binary asteroid system and taking 

SRP excitation into account, one novel type of orbits due to primary resonance and one 

novel type of orbits due to both primary resonance and internal resonance have been found 

by the method of multiple scales. 

Based on the analysis for the natural frequencies of long/short period motion and the 

frequency for the solar radiation excitation, it is found that the second primary resonance 

ω≈ω2 is possible phenomena for many binary asteroid systems. In addition, some binary 

asteroid systems’ second natural frequency(short period motion) is around three times of 

the first natural frequency, that ω2≈3ω1, and the 1:3 internal resonance is also possible for 

these BASs such as 2006 Polonskaya. 

During the investigation for the primary resonance, the frequency-response curves 

and amplitude of the excitation-amplitude of response curves are obtained, which explain 
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the evolution of these forced periodic motions in detail. The typical nonlinear phenomena 

such as multiple solutions and jumping are observed. The stabilities of the steady-states are 

analyzed by the eigenvalues and the state plane portraits. During the investigation for the 

primary resonance with consideration of 1:3 internal resonance, the mechanism for internal 

resonance transferring energy down from short period motion to long period motion is 

spotted. Due to the nonlinearity and the internal resonance, the frequency of the long-period 

amplitude becomes exactly one-third of the frequency of the short-period amplitude. The 

final forced resonance orbits are still periodic. 

The current study expands a set of existing periodic solutions for the binary asteroid 

systems. In addition, the proposed method also can be used to find the forced periodic 

motions for the single asteroid system in its body-fixed coordinate system.  
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